Let I be a monomial ideal in a polynomial ring over a field k. If the Rees cone of I is quasi-ideal, we express the normalization of the Rees algebra of I in terms of an Ehrhart ring. We introduce the basis Rees cone of a matroid and study their facets. Then an application to Rees algebras is presented.
Quasi-ideal cones
Let R = k[x 1 , . . . , x n ] be a polynomial ring over a field k and let I = (x v 1 , . . . , x vq ) be a proper monomial ideal of R generated by F = {x v 1 , . . . , x vq }. As usual for a = (a i ) in N n we set x a = x a 1 1 · · · x an n . For unexplained terminology and notation on polyhedral geometry and matroids we refer to [5, 7, 9] .
The Rees cone of I is the rational polyhedral cone in R n+1 , denoted by R + A ′ , consisting of all the non-negative linear combinations of the set A ′ := {e 1 , . . . , e n , (v 1 , 1), . . . , (v q , 1)} ⊂ R n+1 , where e i is the ith unit vector. Consider the index set J = {1 ≤ i ≤ n| e i , v j = 0 for some j} ∪ {n + 1}.
Notice that dim R + A ′ = n + 1. Hence using [7, Theorem 3.2.1] it is seen that the Rees cone has a unique irreducible representation
such that none of the closed halfspaces can be omitted from the intersection, 0 = ℓ i ∈ Z n+1 , and the non-zero entries of ℓ i are relatively prime for i = 1, . . . , r.
Here H + a denotes the closed halfspace and H a is the hyperplane through the origin with normal vector a. It is easy to see that the first n entries of each ℓ i are non-negative and that the last entry of each ℓ i is negative, the second assertion follows from the irreducibility of Eq. (1). See [2, Section 3] for information about some of the properties of Rees cones of square-free monomial ideals. These cones have been used in commutative algebra to study algebraic properties and invariants of blowup algebras of monomial ideals [1, 2] . Let P = conv(v 1 , . . . , v q ). The Ehrhart ring of P and the Rees algebra of I are defined as the k-subrings of k[x 1 , . . . , x n , t] given by 
Notation For use below we set [n] = {1, . . . , n}.
Proof. Clearly the left hand side is contained in the right hand side because
To prove the reverse inclusion let
be a minimal generator, that is (a, b) cannot be written as a sum of two non-zero integral vectors in the Rees cone R + A ′ . We may assume a i ≥ 1 for 1 ≤ i ≤ m, a i = 0 for i > m, and b ≥ 1.
Case (I): (a, b), ℓ i > 0 for all i. The vector γ = (a, b) − e 1 satisfies γ, ℓ i ≥ 0 for all i, that is γ ∈ R + A ′ . Thus since (a, b) = e 1 + γ we derive a contradiction.
Case (II): (a, b), ℓ i = 0 for some i. We may assume
Since the vector (a, b) belongs to the Rees cone it follows that we can write
. . , ℓ r satisfy the condition of Theorem 1.1 (resp. d k = 1 for all k), we say that the Rees cone of I is quasi-ideal (resp. ideal). We call R + A ′ the basis Rees cone of M . If A = {e 1 , . . . , e n } (resp. A ⊂ {f B 1 , . . . , f Bq }), then b = e n+1 (resp. b is the vector (1, . . . , 1, −d)). Notice that b i ≥ 0 for i = 1, . . . , n. Thus we may assume that A is the set {e 1 , . . . , e s , f B 1 , . . . , f Bt }, where 1 ≤ s ≤ n − 1, s + t = n, and {1, . . . , s} is the set of all i ∈ [n] such that e i ∈ H b . We may assume that 1 ∈ B k for some 1 ≤ k ≤ q. Indeed if 1 is not in ∪ q i=1 B i , then the facets of R + A ′ different from H e 1 ∩ R + A ′ are in one to one correspondence with the facets of R + {e 2 , . . . , e n , f B 1 , . . . , f Bq }.
Assume that 1 / ∈ B 1 . Since 1 ∈ B k \B 1 for some k, by the symmetric exchange property of B there is j ∈ B 1 \ B k such that (B 1 \ {j}) ∪ {1} = B i for some basis B i . Hence
i.e., f B i and e j belong to H b . Thus from the outset we may assume that 1 ∈ B 1 . Next assume that t ≥ 2 and 1 / ∈ B 2 . Since 1 ∈ B 1 \ B 2 , by the exchange property there is j ∈ B 2 \ B 1 such that (B 2 \ {j}) ∪ {1} = B i for some basis B i . Hence
i.e., f B i and e j belong to H b . Notice that i = 1. Indeed if i = 1, then from the equality above we get that {f B 2 , e 1 , f B 1 , e j } is linearly dependent, a contradiction.
Applying the arguments above repeatedly shows that we may assume that 1 belongs to B i for i = 1, . . . , t. We may also assume that B 1 , . . . , B r is the set of all basis of M such that 1 ∈ B i , where t ≤ r. For 1 ≤ i ≤ r, we set C i = B i \ {1}. Notice that there is a matroid M ′ of rank d − 1 whose collection of bases is {C 1 , . . . , C r }. Consider the Rees cone R + A ′′ generated by A ′′ = {e 1 , e 2 , . . . , e n , f C 1 , . . . , f Cr }.
Notice that R + A ′′ ⊂ H + b and that {e 1 , e 2 , . . . , e s , f C 1 , . . . , f Ct } is a linearly independent set. Thus R + A ′′ ∩ H b is a facet of the cone R + A ′′ and the result follows by induction.
2
The facets of the Rees cone of the ideal generated by all square-free monomials of degree d of R were computed in [1, Theorem 3.1], the result above can be seen as a generalization of this result.
The set of all monomials x i 1 · · · x i d ∈ R such that {i 1 , . . . , i d } is a basis of M will be denoted by F M and the subsemigroup generated by F M will be denoted by M M . The basis monomial ring of M is the subring
Corollary 2.3 Let P be the convex hull of all
Proof. It suffices to show the inclusion A(P ) ⊂ k[F M t]. Take x a t b ∈ A(P ), that is, a ∈ Z n ∩ bP . Hence x a has degree bd and (x a ) p ∈ M M for some positive integer p. By Proposition 2.2 we get x a ∈ M M . It is rapidly seen that x a t b is in k[F M t], as required.
As an application to Rees algebras we obtain the following: Polymatroidal sets of monomials For a = (a 1 , . . . , a n ) ∈ N n we set |a| = a 1 + · · · + a n . Let A = {v 1 , . . . , v q } ⊂ N n be the set of bases of a discrete polymatroid of rank d, i.e., |v i | = d for all i and the following condition is satisfied: given any two a = (a i ), c = (c i ) in A, if a i > c i for some index i, then there is an index j with a j < c j such that a − e i + e j is in A. The set F = {x v 1 , . . . , x vq } (resp. the ideal I = (F ) ⊂ R) is called a polymatroidal set of monomials (resp.
